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ABSTRACT

Quadratic functions are a fundamental topic in the high school curriculum, yet many students struggle to construct
and coordinate symbolic, visual, and verbal representations. While previous studies have primarily focused on
identifying procedural and conceptual errors, limited attention has been given to how these difficulties emerge from
students’ cognitive constructions. This study addresses this gap by employing APOS theory (Action, Process, Object,
Schema) to analyse students’ cognitive obstacles in constructing quadratic function representations. Using a
descriptive qualitative approach supported by descriptive quantitative analysis, this study collected data from 35
tenth-grade students in Pekanbaru through a mathematical representation test and semi-structured interviews. The
findings reveal a dominant cognitive pattern in which most students remained at the Action and Process stages, with
only a few reaching the Object stage and none achieving Schema. This indicates that students’ reasoning tends to
break down during the transition from procedural execution to conceptual understanding, resulting in fragmented
representations that are not yet meaningfully integrated. This study contributes theoretically by demonstrating how
cognitive obstacles are not merely errors, but indicators of incomplete mental construction across APOS stages. It
offers a more explanatory perspective on students’ difficulties than studies that focus mainly on observable errors.
Practically, the findings highlight the need for more strategic instructional support, particularly through transition-
based approaches that help students move across APOS stages and integrate multiple representations more
coherently. These insights offer a conceptual basis for improving the teaching and learning of quadratic functions.
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Introduction

Quadratic functions are essential topics in the high school mathematics curriculum that play a
strategic role, both theoretically and practically. In line with this, several studies emphasise that quadratic
functions are a fundamental concept for mastering key algebraic ideas necessary for the study of calculus
and modelling in both pure and applied contexts, and they constitute an essential part of algebra or
introductory mathematics courses at the university level (Saputra et al., 2018; Wilkie, 2024). However,
despite their importance, students often struggle to connect algebraic and graphical representations and
experience difficulties in interpreting function concepts, while also making errors across the processes of

formulating, employing, and interpreting mathematical solutions (Hidayanti & Hidayati, 2025; Ly &
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Baba, 2023; Ruli, Priatna, Prabawanto, & Mulyana, 2018). These difficulties indicate that students’
challenges are not only procedural but are also related to deeper cognitive obstacles that hinder their ability
to develop coherent mathematical understanding.

One important source of these difficulties lies in students’ limited ability to work with multiple
mathematical representations. A comprehensive understanding of quadratic functions requires proficiency
in symbolic, visual, and verbal representations, as well as the ability to shift between these modes to foster
conceptual insight and adaptive problem-solving. The use and interconnection of different representations,
such as symbolic, graphical/visual, and verbal, and the ability to transition between them, are identified
as key activities in constructing conceptual understanding of functional relationships and in acquiring
more flexible problem-solving strategies (Testa & Catena, 2022; Zentgraf & Prediger, 2024). However,
empirical studies consistently show that students experience significant difficulties when transforming
quadratic functions across representations, such as from symbolic to graphical or from symbolic to verbal
forms. These difficulties are evident in students’ struggles to translate between representations and to
express functional relationships accurately (Daher & Anabousy, 2015; Rahmawati, Sa’dijah, & Sudirman,
2025; Ramirez, Canadas, & Damian, 2022; Wibawa, 2019). These difficulties indicate that the issue is not
merely a lack of procedural knowledge, but reflects deeper cognitive barriers in coordinating and
interpreting representations.

Challenges in learning quadratic functions, such as difficulties in graph representation, determining
maximum/minimum values, and understanding equations, are consistent with findings that the most
frequent errors involve process, comprehension, carelessness, conceptual understanding, principles, and
calculations (Hoon et al., 2018; Azizah et al., 2021; Rahman & Foad, 2021). These difficulties are not
isolated procedural issues but can be interpreted as indications of underlying cognitive barriers,
particularly students’ failure to coordinate and transition between different representations of quadratic
functions. Such patterns suggest that students experience obstacles in organizing mathematical processes
and meanings, thereby highlighting the need for a theoretical framework that can systematically explain
the nature and progression of these difficulties.

These findings indicate the presence of cognitive obstacles. Originating from Gaston Bachelard’s
ideas, the concept has since been adopted by scholars across various disciplines. A cognitive obstacle
refers to a barrier in reasoning that emerges when strategies or knowledge that typically enable students
to solve problems prove insufficient in different contexts. According to Kartinah et al. (2020), cognitive
obstacles are forms of knowledge that work effectively in specific problems but fail when students face
different problem situations. Antonijevi¢ (2016) emphasised that when students overcome a cognitive

obstacle in mathematics learning, the process becomes a bridge that leads them to new knowledge that
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was previously unfamiliar or not understood. Chew & Cerbin (2020) emphasised that a lack of effort does
not always cause learning failure; even capable students can experience it. Therefore, identifying cognitive
obstacles not only serves to map learning difficulties but also provides a basis for teachers to design more
targeted instructional interventions to develop various mathematical abilities, particularly mathematical
representation skills comprehensively.

Cognitive obstacles are closely linked to students’ mental processes and can be examined using
theories that account for the mechanisms of mental construction in learning. One relevant theory is the
APOS theory (Action, Process, Object, Schema) developed by Dubinsky. This theory views mathematics
learning as a process of mental construction that progresses through four main stages. Students perform
explicit mathematical manipulations based on specific instructions or algorithms at the Action stage. This
stage then develops into a Process stage, when students perform such manipulations internally without
always relying on explicit procedures. Next, in the Object stage, students can treat a process as a complete
and flexible entity. Finally, the entire structure of understanding culminates in a Schema, a coherent
network of knowledge that supports the understanding and solution of various mathematical situations.
However, research shows that transitions between these stages do not always occur smoothly; for instance,
students may perform actions well but fail to internalise them into processes, creating new cognitive
obstacles (Nisa, Waluya, Kartono, & Mariani, 2019).

Within quadratic functions, APOS theory provides a comprehensive framework for pinpointing
where cognitive obstacles emerge and informing strategies supporting transitions between stages. This
theory emphasises knowledge construction and offers guidance for designing instructional interventions
that promote students’ mental development (Tatira, 2022). As highlighted by Dubinsky and McDonald,
effective instruction depends on facilitating the construction of appropriate mental structures and guiding
students in processing them to achieve meaningful conceptual understanding (Syamsuri & Marethi, 2018).
Recent developments in APOS research further highlight that students’ difficulties are not merely
procedural, but are often rooted in challenges in transitioning between cognitive stages, particularly from
action to process and from process to object (Oktag, 2022). Empirical studies consistently show that
students frequently fail to construct coherent mental structures, resulting in fragmented understanding of
mathematical concepts (Adamura, Juniati, & Khabibah, 2026; Koyunkaya & Boz-Yaman, 2023; Osorio,
Bermudez, & Jiménez, 2026). In the context of quadratic functions, these difficulties can be interpreted
as manifestations of incomplete cognitive development, where students are unable to coordinate and
connect multiple representations effectively (Yerizon, Sukestiyarno, Arnellis, Suherman, & Hevardani,

2024).
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Studies on students’ difficulties with quadratic functions have mostly focused on procedural and
conceptual errors rather than cognitive obstacles based on APOS stages and their relation to mathematical
representations. Previous research has emphasized error analysis using other frameworks. For example,
Islamiyah et al. (2023) identified five types of errors in solving word problems based on Nolting’s theory.
Akhsani & Nurhayati (2020) found that students’ graphing errors were dominated by procedural mistakes
reducible through PBL with GeoGebra. Safitri et al. (2025) reported that students across achievement
levels struggled to translate symbolic forms into graphs, with interpretation, implementation, and
preservation errors. While previous studies have identified various cognitive obstacles and errors in
quadratic functions, such as procedural mistakes or difficulties in connecting representations, they have
primarily described the types of obstacles without investigating the underlying mental processes that lead
to their emergence. In other words, the question of how students’ thinking becomes stalled and why their
knowledge fails to transfer across contexts has not been systematically addressed. A systematic search in
Scopus and Google Scholar (up to September 2025) using the combined keywords “APOS” AND
“quadratic function” AND “cognitive obstacle” AND “mathematical representation” found no articles that
specifically applied the APOS framework to investigate students’ cognitive obstacles in constructing
mathematical representations of quadratic functions. Although cognitive obstacles have been analysed in
other mathematical domains, such as definite integrals (Kartinah, Nusantara, Sudirman, & Daniel, 2021),
the absence of studies applying APOS to quadratic functions indicates a clear gap. Therefore, this study
positions itself to fill that gap by examining not only what obstacles occur, but also how students’ mental
constructions—mapped through APOS stages—give rise to those obstacles.

Therefore, the novelty of this study lies in integrating APOS theory to identify students’ cognitive
obstacles in constructing mathematical representations of quadratic functions. Unlike previous studies that
primarily describe observable errors, this study focuses on the underlying mental construction processes
that lead to those errors, particularly across the Action, Process, Object, and Schema stages. By mapping
students’ difficulties within this cognitive framework, the study not only extends the application of APOS
theory in mathematics education but also provides a more explanatory perspective on how representational
failures emerge. In addition, this approach offers a pedagogical foundation for designing more adaptive
instructional strategies that explicitly support students’ transitions between cognitive stages.

Building on this background, this study aims to describe students’ cognitive obstacles in
mathematical representation skills related to quadratic functions, framed by the APOS stages.
Theoretically, this study is expected to enrich the application of APOS theory in analysing learning

difficulties in mathematics, focusing on cognitive obstacles. Practically, we expect the findings to provide
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recommendations for instructional strategies that help students overcome cognitive obstacles and integrate

various forms of representation coherently.

Methods

This study employed a descriptive qualitative approach. This approach is relevant when researchers
aim for a comprehensive description of an event, thereby presenting research realities closely aligned with
participants’ experiences (Villamin, Lopez, Thapa, & Cleary, 2024). In this context, the research explores
students’ cognitive obstacles in constructing mathematical representations of quadratic functions. The
descriptive qualitative approach is relevant as it enables researchers to trace students’ thought processes
more comprehensively, including identifying how students interpret problems, their strategies, and why
difficulties occur at certain stages. This study adopts a qualitative research paradigm with descriptive
quantitative support. While the primary focus is on exploring students’ cognitive obstacles through in-
depth qualitative analysis, descriptive statistics are used to provide an overview of students’ performance
across different forms of representation. This integration does not aim to generalize findings but to
strengthen the interpretation of qualitative data.

The research subjects were 35 tenth-grade students at a public senior high school in Pekanbaru. All
students in the class were included as research subjects because they had studied quadratic functions
according to the curriculum, thus having the academic foundation to complete the test designed by the
researchers. The lesson on quadratic functions began with conceptual explanations and was followed by
group problem-solving activities, supporting both individual and collaborative learning. All students
completed the mathematical representation test created by the researchers. From the 35 students, 6 students
were purposively selected as interview participants. They were chosen to represent three achievement
groups (high, medium, and low), with two students from each group, in order to capture diverse answer
patterns and cognitive obstacles. The selection of 35 students provides sufficient variation in responses to
capture diverse cognitive patterns, while the in-depth analysis of six interview participants allows for a
detailed exploration of students’ mental constructions across different ability levels.

The research instruments included a mathematical representation test and a semi-structured
interview guide. The mathematical representation test consisted of three essay questions, each
representing different forms of representation: visual, symbolic, and verbal. Specifically, the first question
(visual representation) asked students to draw the trajectory of a skateboard shaped like a parabola, based
on a quadratic function. The second question (symbolic representation) required students to model the
trajectory of a ball kicked toward a goal into a quadratic function and determine whether the ball would
enter. The third question (verbal representation) asked students to interpret the meaning of the zeros of a

quadratic function in a business profit context. The test instrument underwent content validation by five
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experts: mathematics education lecturers, language lecturers, and experienced mathematics teachers. The
validation results indicated that the test was feasible to use with minor revisions, particularly regarding
clarity of wording. In addition to the test, another instrument used was the semi-structured interview guide.
The researchers explored the reasons behind students’ answers and obtained a deeper insight into their
thought processes through interviews.

The researchers organised data collection in two main stages during the second semester of the
2024/2025 academic year. The first stage involved administering the mathematical representation test to
all students in the research class. Students completed the test within two class hours, after which the
researchers collected and analysed their responses. Following the completion of grading, the researchers
initiated the second stage one week later, involving semi-structured interviews with students selected
based on the diversity of their test responses. The interviews were conducted face-to-face in one day,
recorded with the students’ consent, and then transcribed for further analysis.

Data analysis followed Miles and Huberman’s interactive model, which involves data reduction,
data display, and conclusion drawing (Asipi, Rosalina, & Nopiyadi, 2022). This model was selected
because the study aims to give a detailed, descriptive account of students’ cognitive obstacles at each
APOS stage. The interactive cycle of reducing, organizing, and visually displaying data provides a
systematic way to capture the complexity of students’ written responses and interview transcripts and to
trace how their mathematical representations reveal cognitive obstacles. Compared with other qualitative
analysis frameworks such as thematic analysis or grounded theory, which focus on generating new theory,
the Miles and Huberman model is more appropriate for a descriptive qualitative design that seeks to map
and interpret students’ thought processes in detail rather than to build new theoretical constructs

Guided by this framework, data analysis focused on mapping students’ responses into APOS stages
to identify corresponding cognitive obstacles. Students’ written answers were first examined to determine
their level of representation ability (visual, symbolic, and verbal), supported by descriptive statistics to
provide an overview of performance. Subsequently, each response was analysed using an APOS-based
coding scheme to identify whether students operated at the Action, Process, Object, or Schema stage. The
identification of cognitive obstacles was then conducted by examining inconsistencies, incomplete
reasoning, and failures in transitioning between stages. Interview data were used to validate and deepen
the interpretation of students’ cognitive processes, ensuring that identified obstacles reflected actual
thinking patterns rather than surface-level errors.

To map student responses into APOS stages, a coding scheme was developed based on Dubinsky’s
framework and adapted to the context of quadratic functions. Responses were classified as No Answer

when students left the task blank or failed to activate prior knowledge. The Action stage was assigned
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when students applied direct procedures without deeper conceptualization. The Process stage was
identified when procedures were internalized but still accompanied by misconceptions or incomplete
understanding. The Object stage was assigned when students treated a process as a complete entity, such
as recognizing a quadratic function as a whole or attributing meaning to its elements. Finally, the Schema
stage referred to integrated reasoning across different processes and representations. After identifying the
APOS stage, the researchers determined the cognitive obstacles associated with each stage. To reinforce
the identification of these obstacles, the researchers used interview data in which students explained their
thought processes. To ensure the reliability of the APOS coding, the researchers worked collaboratively
in reviewing and discussing how students’ responses were classified into each APOS stage. The coding
process was carried out iteratively, with initial interpretations being compared and refined through
ongoing discussions until a shared understanding was reached. This collaborative approach helped
maintain consistency in interpreting students’ cognitive processes and strengthened the dependability of
the findings.

Following Lincoln and Guba’s framework, this study addressed data trustworthiness through the
four criteria of credibility, transferability, dependability, and confirmability (Stahl & King, 2020). The
researchers validated the test instrument with five experts and applied methodological triangulation by
comparing data from written tests and interviews to maintain credibility. For transferability, the
researchers provided a comprehensive description of the study, encompassing the school context, number
of students, class characteristics, and research procedures. The researchers maintained consistency in the
research process to ensure dependability. The researchers kept all raw data from students’ answer sheets
and interview transcripts to retrace the process and evaluate stability. Furthermore, the data analysis
procedures were systematically explained and discussed with the academic supervisor to ensure
consistency of interpretation. Confirmability was maintained by presenting empirical evidence supporting
each interpretation, in the form of excerpts from students’ answers and interview quotations, and by
engaging in discussions with the academic supervisor and mathematics teacher to minimise researcher
bias. The overall procedure is summarised in Figure 1 as a flow chart to illustrate the sequence from

instrument development to data analysis.
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Figure 1. Research Procedure Flow Chart

Results and Discussion

The presentation of research findings begins with analysing students’ achievement on each indicator
of mathematical representation ability, including visual, symbolic, and verbal representation. Among the
three indicators, visual representation showed relatively better achievement than symbolic and verbal,
with 25%, although still not optimal. Conversely, the lowest achievement was found in verbal
representation at 9%, with achievement in symbolic representation also relatively close at 10%. These
findings are consistent with Shinariko et al. (2021), who reported that students’ mathematical
representation ability in quadratic functions tends to be low, particularly in symbolic and verbal
representations, while visual representation, although relatively better, still falls into the intermediate
category. The low achievement in all three indicators indicates that students have not fully mastered the
mathematical representation of quadratic functions, thus requiring further analysis through the APOS
framework to identify at which stage their thought processes encountered obstacles. Table 1 presents the
distribution of APOS stages and the cognitive obstacles experienced by students. Students’ answers were
categorised into APOS stages based on predetermined criteria. These criteria, along with examples of
typical student responses in the context of quadratic functions, are presented in Table 1.

Table 1. Criteria for Categorizing Students’ Responses Based on APOS

APOS Stage Response Criteria Example Indications in the Context of Quadratic
Functions

No Answer  Blank answer or simply copying the The answer sheet is left blank; rewriting the problem
problem statement statement without any attempt to solve it

Action Solving the problem Drawing a parabola in a “U” shape without
mechanically/partially without considering key points of the graph; writing down a
conceptual understanding formula but not continuing the calculation and not

knowing why the formula was chosen
Process Beginning to give meaning to procedures, Drawing the graph by determining some elements

but still showing misconceptions or (vertex, intercepts) but failing to understand their
incomplete reasoning
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relationships, leading to
unfinished solutions

misconceptions  or

Object Treating the process as a whole entity and  Correctly selecting the formula to be used, but
showing conceptual understanding of struggling to interpret the obtained result within the
quadratic function elements problem context

Schema Integrating  various processes and Connecting algebraic form, parabola graph, and

representations (visual, symbolic, verbal)

verbal interpretation in real-life contexts coherently

consistently to solve the problem
Based on these criteria, the distribution of students’ responses for each representation indicator was

obtained. The results of this categorisation are presented in Table 1.

Table 2. Distribution of Students’ Responses Based on APOS Stages

Indicators of
Mathematical
Representation
Ability

Number and Percentage of Students

No
Answer

Cognitive Obstacles

Action Process Object Schema

Students could not transfer their
knowledge of quadratic functions to the
problem context (No Answer).

2. Drawing a parabola without calculation,
but the points plotted were incorrect
(Action).

3. Determining one or two elements
(vertex,  x-intercepts, y-intercept)
without understanding their use in
graph construction (Action).

4. Misconception of algebraic operations
involving radicals (Process).

5. Misconception of factorisation
(Process).

6. Limited understanding of the real roots
of quadratic equations (Process).

7. Limited understanding of quadratic

function graphs (Process).

Inability to relate problem information

with prior knowledge (No Answer).

2. Using procedures without considering
the suitability of the problem data
(Action).

3. Limited understanding of the quadratic
function formula when the vertex is
given (Process).

4. Limited understanding of the meaning
of points lying on the graph of a
quadratic function (Object).

5. Limited ability to interpret real-life

contexts into mathematical models

(Action, Process, Object).

Students could not transfer their

knowledge of quadratic functions to the

problem context (No Answer).

2. The procedure is executed to determine

the roots of the function, but without

Visual 8(23%) 11 16 0 0 1.

(G1%)  (46%)

Simbolic 19 8
(54%) (23%)

5(14%) 3(9%) 0 1.

Verbal 29
(82%)

2(6%) 2(6%) 2(6%) 0 1.
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assigning meaning to the result
(Action).

3. Misconception of the meaning of roots,
namely as the boundary before the
function becomes zero (Process).

4. Limited ability to interpret the roots in
real-life contexts (Object).

The analysis results in Table 2 show that students’ cognitive obstacles in constructing mathematical
representations of quadratic functions appear in every indicator, with a tendency for students to remain at
the initial stage of APOS. This finding is consistent with Bete (2019), who reported that students across
ability levels continued to make conceptual, principled, and careless errors when solving algebra
problems. A substantial proportion of students provided no answer, indicating a pre-Action cognitive
obstacle, where students were unable to activate prior knowledge or initiate the problem-solving process.
However, to analyse cognitive development within the APOS framework, the determination of dominant
stages focuses on students who attempted the tasks. Based on this consideration, Table 3 summarises the
dominant APOS stages and key cognitive obstacles across representations.

Table 3. Summary of Cognitive Obstacles Across Representations

Representation APOS Stage Key Cognitive Obstacles

Visual Action-Process Intuitive graphing, misconceptions of roots and
discriminant.

Symbolic Action-Object Failure to connect context to formula, incomplete
parameter understanding.

Verbal Action-Object Inability to interpret the meaning of roots in
context

The visual representation problem asked students to draw the trajectory of a skateboard shaped like
a parabola. The most prominent obstacle appeared at the initial stage, where many students left the answer
blank, indicating difficulty in activating prior knowledge and connecting contextual information with the
quadratic function graph. Among those who attempted the problem, most students remained at the Action
and Process stages. At the Action stage, students tended to draw parabolas intuitively or based on limited
elements such as the vertex or intercepts, reflecting a superficial understanding of the graph as merely a
“U-shape.” As their reasoning developed into the Process stage, more conceptual difficulties became
evident, including errors in factorisation, misconceptions about roots, and a lack of awareness that some
quadratic equations do not have real roots. At this point, no students demonstrated Object-level
understanding, as they were unable to integrate algebraic and graphical elements into a coherent
representation. These findings align with prior research showing that students struggle to convert between
representations, often perceive parabolas merely as U-shaped figures rather than functional relationships,
and face persistent difficulties in algebraic manipulation of quadratic equations (Gagatsis et al., 2016;
Memnun et al., 2015; Tendere & Mutambara, 2020). An example of a student’s answer, containing errors

in factorisation and graph elements, is presented in Figure 2.
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Figure 2. Example of Student Answer to Visual Task

Figure 2 shows that the student attempted to factorise x2 — 4x + 8 into (x — 4)(x — 2), then used
the result to determine the X-intercepts. This mistake affected the graph drawn, as the parabola did not
match its algebraic properties. In the interview, the student stated, “When looking for the X-intercept, I
was confused about finding two numbers that multiply to 8 and add to —4, but I couldn’t find them. Finally,
I just chose 2 and 4. But when I drew it, the graph looked square, not like a parabola. Connecting it to the
vertex (2,4) resulted in a triangle. So I just made a curve, because I remembered that the graph of a
quadratic function is a parabola.” This statement indicates that the student had internalised the basic
concept of a parabola but had not yet conceptualised the discriminant as an object explaining the graph’s
properties. Furthermore, prior knowledge did not help the student understand that some quadratic
equations have imaginary roots. Instead of realising that a discriminant < 0 means no X-intercepts, the
student still attempted to use factorisation and drew a parabola based on the remembered general shape.
This finding is consistent with Kabar (2018), who reported that students tend to associate their mental
representations of quadratic equations primarily with factorisation.

Taken together, students’ visual representations show that their understanding is still mostly
procedural and not well connected. Although they can recognise the general shape of a parabola, they
struggle to link algebraic concepts with the graph in a meaningful way, which prevents them from moving
from the Process stage to the Object stage. As a result, their graphs tend to be based on guesswork or
partial knowledge rather than a clear understanding of how algebra and graphs are related.

The symbolic representation task asked students to analyse a story about the trajectory of a ball
kicked toward a goal. Within symbolic representation, cognitive obstacles occurred throughout nearly all
APOS stages, primarily at the initial stage. Most students did not answer, indicating an inability to link
contextual information with the quadratic function they had already learned. At the Action stage, obstacles

arose when students failed to select formulas appropriate to the problem’s data. For illustration, one
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student wrote an initial interpretation of the problem, but it was incorrect and stopped at an early stage.

Figure 3 shows an example of the student’s answer.
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Based on the general pattern of the parabolic trajectory, the ball will most likely
enter the goal because its height is greater than 2,44 meters at x = 5.

Figure 3. Example of Student Answer to Symbolic Task

When confirming the answer during the interview, some students were confused about interpreting
the meaning of the ball’s height relative to the goal; “...The ball should be higher ma’am, uh, lower...
This problem asks whether the player can score a goal. So, the formula to find out whether someone can
score, I don’t know.” These statements indicate that, despite having some understanding of the context,
students were unable to link it consistently to the appropriate mathematical model. This obstacle
demonstrates that cognitive obstacles are not only about the inability to compose procedures, but also
about limitations in attributing meaning to symbolic results in real-life contexts. This type of obstacle
aligns with findings that students often fail to transfer prior knowledge into word problems, thereby
causing errors in both problem comprehension and solution selection (Bauk, Mamoh, & Simarmata,
2022).

At the Process stage, some students managed to write the quadratic function using the vertex.
However, their work halted when they became confused about determining the value of a, which prevented
them from completing the function. At the Object stage, some students did not understand the meaning of
the points through which the quadratic function graph passes. Other students realised that they should
substitute the goal distance into the function, but they failed to interpret the result correctly. For example,
some correctly obtained the ball’s height but incorrectly concluded that the ball had to be lower than the
goal to enter. This obstacle highlights students’ limitations in attributing symbolic results to real-life
contexts. This finding is consistent with Diaz et al. (2020) and Ramirez et al. (2022), who reported that
many students encounter deadlock at the outset of contextual problems due to forgetfulness or emotional
barriers and commit procedural and conceptual errors stemming from insufficient conceptual
understanding. In other words, although students know some algebraic procedures for quadratic functions,
they cannot apply them appropriately in different contexts, since various mathematical expressions are not

conceptually understood.
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Overall, symbolic representation shows a clear gap between carrying out procedures and truly
understanding the concepts behind them. Although some students reach the Object stage, their reasoning
is still limited because they do not fully understand the meaning of the symbols they use. In many cases,
students can apply formulas correctly, but they struggle to explain or interpret the results in a meaningful
way, indicating that their understanding is still not fully developed.

The next problem concerned verbal representation. In the problem, students described the meaning
of the quadratic function’s zeros in the given context. The majority of students failed to provide an answer,
as they were unable to link the quadratic equation to the given context. This obstacle indicates a limitation
in transferring symbolic knowledge into meaningful verbal representation. In line with Nurrahmawati et
al. (2021), many students struggle to maintain consistent meaning across symbolic and verbal
representations. At the Action stage, some students could determine the function’s zeros, but stopped at
numbers without meaning, reflecting procedural and conceptual obstacles. At the Process stage,
conceptual obstacles were evident when students realised that zeros mean zero revenue, but misinterpreted
it as “a boundary before zero.” Furthermore, at the Object stage, obstacles appeared in interpretative
limitations: students knew that zeros meant the function equals zero, but thought the condition posed no

risk, whereas it is actually a critical point. Figure 4 shows an example of the student’s answer.

Fixr=o0

= - R0¥* % 6000y =0

* R (ACRY Goo0?) =0

"¥=0 oteu ~&kox + {000 =0
= -qo)('.' '6@0

%= 160

T bwmpear not Fuugs} ddech X=0 dan  ¥=150
‘l}:ﬂo

Tidatt  beresike  barmg wSda  pdehs wemprodiS 150 ba\“ngr, per__laar (x=1802

The zeros of the function are x = 0 and x = 150.

Risk

There is no risk because the business has already produced 150 items per day (x = 150).

Figure 4. Example of Student Answer to Verbal Task
Interviews revealed similar obstacles among students who reported a lack of understanding of the

meaning of zeros. The findings reveal a disconnection between symbolic representation and its contextual
meaning. These findings align with studies indicating that students often struggle to accurately interpret

algebraic expressions (Erdem, Zengin, & Erdem, 2022). Thus, no student reached the schema stage, as
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complete integration between algebraic calculation, the meaning of zeros, the range of safe production,
and risk of loss did not occur.

These findings indicate that verbal representation poses the greatest cognitive challenge for
students. This is because it requires not only procedural and conceptual understanding, but also the ability
to interpret mathematical meaning within a real-life context. Since these aspects are not yet well
integrated, many students struggle to explain their results meaningfully, which ultimately prevents them
from reaching Schema-level understanding.

Across the three representation types, students’ cognitive obstacles appeared at nearly all APOS
stages and prevented them from reaching Schema. Although visual representation was relatively better
than symbolic and verbal representation, students’ performance remained largely procedural, with only a
few reaching the Process and Object stages. This overall pattern is consistent with Sholahudin et al. (2025),
who found that students with stronger ability tend to shift more flexibly across representations, whereas
those with lower ability experience greater difficulty. In this study, such difficulty was reinforced by
students’ limited awareness of their own misconceptions, leading them to repeatedly apply procedures
that were inconsistent with algebraic properties or problem contexts.

These findings do more than confirm the persistence of cognitive obstacles in quadratic functions;
they also explain where and why students’ reasoning breaks down across representation types. Previous
studies on quadratic functions have mainly described students’ procedural, conceptual, or representational
errors in problem solving, but they have not sufficiently explained the mental processes underlying those
errors (Diaz et al., 2020; Islamiyah et al., 2023; Safitri et al., 2025). By applying APOS theory, this study
addresses that gap by showing how students’ reasoning stalled at different stages of mental construction
across visual, symbolic, and verbal representations. Most students remained at the Action and Process
stages, only a few reached the Object stage, and none achieved Schema. Thus, the novelty of this study
lies in offering a stage-based cognitive explanation of representational difficulty, rather than merely
identifying observable errors.

Theoretically, this study contributes to the literature by showing that students’ representational
difficulties in quadratic functions can be understood as stage-specific cognitive obstacles within the APOS
framework. Rather than appearing as isolated procedural mistakes, these difficulties reflect incomplete
transitions from Action to Process, from Process to Object, and ultimately the absence of Schema-level
integration across visual, symbolic, and verbal representations. This perspective helps explain why
students may be able to carry out a procedure in one form but still fail to interpret or connect it

meaningfully to other representations.
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Practically, the findings imply that instruction on quadratic functions should be designed as a
transition-based APOS learning model. Since most students remained at the Action and Process stages,
teaching should not stop at procedural practice, but should deliberately support students in progressing
from carrying out procedures, to reflecting on their meaning, and finally to coordinating visual, symbolic,
and verbal representations as integrated objects of thought. This can be facilitated through exploratory
tasks, guided reflection, and integrative activities that require students to justify procedures, interpret
results in context, and connect multiple representations. Such an approach is in line with Bicer (2021),
who emphasised that students’ mathematical understanding develops more strongly when they are
encouraged to create, interpret, and connect different forms of representation. In this way, instruction can
more systematically address students’ cognitive obstacles and support the development of Schema-level

understanding.

Conclusion

This study found that students’ difficulties in solving quadratic function representation tasks did
not appear as separate mistakes, but as a consistent pattern of cognitive barriers across APOS stages.
Before reaching the APOS construction stages, some students were unable to activate prior knowledge
and connect contextual information with relevant quadratic function concepts, which led to no response
at all. At the Action stage, students were generally able to apply procedures, but their work tended to be
mechanical, such as plotting graphs without valid calculations, identifying elements of a quadratic
function without understanding their role, or using procedures without considering whether they matched
the problem data. At the Process stage, students encountered more explicit conceptual obstacles, including
misconceptions in algebraic operations, factorisation, the meaning of real roots, and the interpretation of
quadratic graphs. At the Object stage, only a few students showed a more advanced understanding, yet
they still experienced difficulty in assigning coherent meaning to mathematical results, especially when
interpreting points, roots, and quadratic models in real-life contexts. This shows that representational
failure in quadratic functions is closely related to students’ incomplete progression from Action to Process,
from Process to Object, and ultimately toward Schema.

The findings also highlight the conceptual value of APOS Theory in explaining students’
representational difficulties. Rather than viewing students’ errors only as incorrect answers or procedural
weaknesses, this study shows that such difficulties can be understood as signs of incomplete mental
construction. In this sense, the study contributes not only by identifying where students experience
difficulty, but also by explaining why these difficulties persist across different forms of representation.

Practically, these results suggest that support for students should be designed more strategically

around transitions between APOS stages. Learning activities should not only train students to apply
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formulas, but also help them activate relevant prior knowledge, use procedures meaningfully, interpret
mathematical results conceptually, and relate one representation to another in order to gradually build
more complete conceptual understanding. Therefore, future research may focus on developing and testing
an APOS transition-based intervention model as a more explicit instructional framework to help students

strengthen their representational understanding of quadratic functions.
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